MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
ARTIFICIAL INTELLIGENCE LABORATORY 


A.l. Memo 330 
(LOGO Nemo No. IB) 


November, 197A 
Revised May, 1975 


THE ART OF SNARING DRAGONS 
Harvey A. Cohen 


ABSTRACT 

DRAGONS are formidable problems in elementary mechanics not amenable to 
solution by naive formula cranking. What Is the intellectual weaponry one 
reeds to snare a Dragon? To snare a Dragon one brings to mind an heuristic 
frame - a specifically structured association of problem solving ideas. 

Data on the anatomy of heuristic frames «■ just how and what ideas are linked 
together - has been obtained from the protocols of many attacks on Dragons 
by students and physicists, In this paper various heuristic frames are 
delineated by detailing how they motivate attacks on two particular Dragons* 
Milke and Juggle, from the writer's compilation. This model of the evolution 
of problem solving skills has also been applied to the Interpretation of the 
intellectual growth of children, and in an Appendix we use It to give a 
cogent interpretation for the protocols of Plagetian “Conservation' 1 experiment 
The model provides a sorely needed theoretical framework to discuss teaching 
strategems calculated to promote problem solving skills. 


This report describes research, done at the Artificial Intelligence Laboratory 
of the Massachusetts Institute of Technology. Support for the Laboratory's 
education research is provided in part by the National Science Foundation 
under Grant EC-4070BX* 



Tk * lint3 illustrating this paper are rtproduavd from the text of 

U.A, Cofmt M "A Dragon Hunter* e Box”, Banging Luke Books, ( 'torrandyte, 
Victoria, Australia Cohen , 1374. All Eight* Reserved* 









I tsTRO DHOTI GM 


^very teacher of physics would, I feel, assert that ha 
strives to teach students not only how to solve certain paradigm 
examples but that he also hopes to impart a cluster of 
generalised skills in problem solving that will equip students to 
comprehend and analyse a greater range of problems than could 
possibly he discussed in lecture classes and tutorials, But i g there 
any specific way to promote this .abjective ? The purpose of this 
introduction Is to recount some of the more accessible ideas in a 
teaching stratagem I have been developing for this purpose. 

This stratagem shares elements in common with what 1 call the 
Fermi stratagem (in Physics teaching) and Polya stratagem (in 
Mathematics teaching). 

In the Fermi stratagem students are posed problems of a 
more projeet-like character* Feme such Fermi problems are 
relatively open-ended (e.g., "How, in terms of physics, do we 
walk and run? 1 *)- Other Fermi problems ha^e a definite solution but 
are of a "non-standard* 1 form requiring the skillful selection 
and artful utilisation of perhaps quite elementary physical models. 
Teachers wishing to follow the Fermi stratagem face two 
difficulties. The first is the scarcity of Fermi problems, or 
rather the scarcity o^ compilations of such problems, in this 
regard Walker T a "Flying Circus* is a very welcome addition 
to the Physics teaching literature. This writer has also 
compiled a collection, of non-standard problems (which ho calls 
"Dragons") in elementary mechanics, ,r A Dragon Hunter’s Bo*" 2 of 
which some of the Dragons may be aptly characterised as 
Fermi problems. The second difficulty 



in introducing Fermi problem* is the absence of any compre¬ 
hensive tutor's guide embodying theoretical analysis and 
practical experience in the presentation and effective utili¬ 
zation of such problems. In fact the casual introduction of 
Fermi problems into certain innovatory courses of recent years 
has often lead to obvious failure„ as the students participa¬ 
ting have lacked any model of how to proceed in tackling any 
problem other than those more conventional problems which I 
terra "formula crankers." 

in the Polya stratagem,, students already familiar with 
the tricks and techniques needed for particular problems, are 
given specific instruction in powerful general problem solving 
idea* - - what Polya terms mathematical heuristics. The style 
of presentation, as evidenced by the structure of "Mathematics 
and Plausible Reasoning"3 is to first explain a particular 
heuristic, and demonstrate its applicability to a particular 
problem? the student is then posed a graded set of problems 
which are amenable to solution via that heuristic. The writer 
ie not aware of any extensive application of the Polya strata¬ 
gem to physics teaching. 

My own teaching stratagem grew out of an attempt to imple¬ 
ment the key ideas of Fermi and Polya in the context of a college 
course in elementary mechanics, 3 was especially keen to get 
away from the traditional emphasis on problems which may he 
characterised as ■'formula-crackers" and tD engage students in 
problems which had mare of the flavour of research problems in 
physics, such as Fermi problems. There are in fact very few 
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publighed Fermi problems in elementary mechanics* and it seems 
the typical problem actually posed by Fermi was "How many piano 
tuner a are there in New York?-.4 So in order to produce a signi¬ 
ficant compilation of challenging problems for student use 1 
was obliged to devise a number of new problems in elementary 
mechanics which I termed Dragons to express their formidable 
character. In lino with this playful terminology, the first 
compilation of Dragons was produced in a hand lettered and 
illustrated booklet^ entitled "What G Killed Ned Kelly? and 
Other Problematical Dragons 11 (Ked Kelly - - an Australian folk 
hero - - the last of the bushrangers - - was hung in Melbourne 
in 1867 ), The "Ned Kelly" Dragon book was used in conjunction 
With the lectures and tutorials of a course in elementary 
mechanics, AM2C4 Second Year Mechanics at La Trobe University, 
in Melbourne, Australia during 1972 . lfl 


it ia now opportune to discuss the pedagogic 
principles underlying the selection and construction of the 
Dragons of the original compilation^ an $ its successor 2, T he 
Dragons were conceived as providing scope for the discussion 
of problem solving per se rather than particular physical 
principles* An underlying assumption was that many students 
try to solve problems in accord with the following model; 

The Formula Crankcr's Model 

Step 1* Look at the problem solved, p„ 

Step 2 . Scan one's repertoire of all the problems one 
can solve t until one finds S similar to P. 

Step 3* Apply the algorithm used to solve S f to F. 

I've called this model the Formula Crankier's Model of Problem 
solving as this model will, in fact, be of some real service 
to a student in the solution of a formula cranker - - a prob¬ 
lem in which has been specified formally precisely those ele¬ 
ments to be substituted in a familiar formula; for instance 
if shape parameters (such as might be involved in a moment of 
inertia) are not explicitly labeled and specified the "similar* 
problem, must not devolve on such parameters. My Dragons were 
selected or constructed so that like the real problems tackled 
in research the Formula Cranker's Model would fail. Consider 
first the Dragon MiLKG of Pin. fiv } * Because milko explicitly 
seeks the determination of the pressure at the bottom of a 
cylinder-like volume fthe interior of a milk bottle}, this 
Dragon is clearly "similar™ to the calculation of the pressure 
at the base of a cylindrical column of liquid* in this sense 
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the Dragon is also "similar" to other calculations of base 
pressure upon the sole of one's shoes* hence applying to 
-MTLKO the algorithm of the "similar" problem, the base 
pressure P is given in terns of the base area A and the 
total weight of the contents of the bottle, W f as 

P = W/a 

-his egression is entirely false, and is an instance of how 
the Formula Grankin? Model can lead to an inappropriate 
formula, Consider next the Drsoon .TIJGGLO of Fig, (xivj t It 
happens that this Dragon may be successfully snared using 
the same formulas as are applied to the calculations of the 
mechanics of a rigid body* y e t as lulling is in no sense 
"similar 1 ' to a rigid body, students following the Formula 
rranker's Model of action will not arrive at such an 
analysis (as is given under the caption "In Toto" in Section 3) 
That is, by this example, we see how the Formula Cranker's 
Model may prevent students from recognizing the 
applicability of quite familiar algorithms, 'rhe third point 
to be made about the Formula Cranker's Model is that even 
if that following this model one determined an appropriate 
algorithm, application to the given problem may lead to a 
mess of algebra which is hard to untangle to finally 
solve the problem. An illustration of this sort of 

phenomena is provided in Section 2, below the heading 
Formula Frank* 


The above examples indieate that exposure to those 
formidable {vet elementary] 1 problems T f ve termed Pragons 
highlights to students the inarieguaev of the Formula 
(^ranker's Model of Problem Pol vino. But in fact this is 
only a minor aspect of what can he learnt from such 
pneounters. Particularly when one lias in fact produced 
the canonical wrong answer to a Pracon, a study of such 
encounters , using introspection and observation o f ether 
students r reveals the sort of mental construct 
collection of associated ideas — one has brought to hear 
on the problem. 

Bow in fact does one sn],v& phvsics problems ? Over 
the past few vears I've listened intently to many attempts 
bv students and physicists to snare the ^racons of mv 
collection, J These observations {protocols is the iaronn 
word in psychology) support the contention that in salving 
such prohlems one uses a structured collection of aasneie a 
ideas that I f ve termed a heuristic f rame* There appears 
to he only a relatively small number of heuristic frames 
available to nnv individual f of the order of twenty* 

Tn '■'able 1, the anatomy of a heari stic frame is revealed. 





■’'APJJ; 1 


w » nv, mis Tit- fbaw 


COMTO^EW"' 

DJ^SCTtlpri<>l 

(Oort?) heuristic 

An elemental, crude problem 
solving idea, probably 

acquired in childhood. 

Problem deduction 

Row to ™*haoe the problem 

F>evices: and 

and which algorithm to 

^Tfforithjn Selector 

auoly, 


Hebug routines 

What ta do when things 
lf ga wrong™. 

Dem on 31 

Miscellaneous; 

Warnings, Caveats, 

'"Fateh out" 

Fla-CIf, Pointers 

'"Try another 

heuristic frame" 



In Table 1 and elsewhere in this ■paper, hy an algorithm is 
meant a hiqhly specific procedure nr formula. The (core) 
heuristic of a heuristic frame is the same sort of mental 
object an what Rolya'^ tended a heuristic — a problem 
solving idea d£ some potency, fPolya confined his attention 
to mathematics, however), Problem reduction involves putting 
the problem in a form suitable for the application -of 
particular algorithms* If the unexpected happens — or even 
when one is informed that the answer derived is ''wrong" — 
one calls upon the Debug Routines of the heuristic frame* 

Also linked with the other ccmoonents of a heuristic frame 
are what I've termed pemonst the image is of some little ist 
that waits for some specific little occurrence to trigger his 
attention -- when he Basses on his message. At any rate, 
under the heading of " Demon s* are I nipped together some 
miscellaneous ideas bound in the frame, such as warnings, 
caveats, and directives to other frames- f few examples of 
Demons are presented later in this paoer. 

The concept of Heuristic Frames provides a description 
of the evolution of problem solving skills in terms of 
a} "'be growth in one's repertoire of algorithms* 
b} The elaboration and augmentation of the components of one's 
heuristic frames. 

The latter process is termed the 'debugging of heuristics- 1 ! 
in dehucoiner the core heuristic is essentially unalterable, 
only the other components of the frame can be edited. A simple 
description of problem solving in terns of the components 
of heuristic frames is contained In a model which is called 


the Horse and Cart or H.A.C* Model fof problem solving) 








TABLE IT 


HOBSE AND CART ?TODFL OF PftOfrLflM RQLVIHG {F*A.C*5 


rn H.A.C* 


Step 1, 
step 2* 


Step 3, 


Step 4, 


Give ft a croblem, choose a Heuristic 
Reformulate the problem and select an Algorithm 
CRANK the alcrorithm 
In case of trouhle, DE^UG* 


The tfodsl is presented in Table n. This 

model essentially states that the choice of Heuristic 
precedes the choice of an Algorithm that does the actual 
Cranking of a problem* As stated above, the model is 
over simple, but has proved to be an effective tool in 
pro-moting problem solving skill, by providing a descriptive 
basis for self-assessment and student counselling* Thus in 
total, this paper deals with a teaching stratagem based on 
two models: 

1) A model fox intellectual development in terms of 
the debugging of heuristics 
iij A model for problem solving. 

An example of hew a tutor may aid the intellectual development 
of a student by directing attention to the debugging of one 
particular heuristic is provided by the following example 
taken from my tutorial records* 

A student complained that he didn't "understand" 
gyroscopic effects* What that meant was that he could follow 
the mathematical presentation given in class, yet the 
behaviour was still surprising, T probed further and found 





tHat if * ^ lywheal seinnina in a vertical p] ane , an* a 
torque about the vertical axis w avp]i^ * 0r an ingtanfcf 

this student expected the flywheel to remain vertical, but 
for its plane to rotate the vertical axis. 



Figure (i) imagine that a spinning flywheel is placed inside 
the box (drawn here in isometric projection) with the plane 
of the flywheel parallel to the front face of the box. The 
spin sense c* the flywheel is marked on the front face, and 
the projection of the wheel, the line a*, on the top *f tltL hoK 

* t<>r ™ f * pp} ie ^ briefly, is indicated h v its tendency to 
twist in the top (horizontal plane), rather the* fla a vertical 
vector, fine common student expectation is that the new 
position o- the flywheel has the projection on the tor of 

the box, corresponding to a rotation of the plane o* the 
flywheel about the vertical. 

Figure (i) is the diacram that was dra™ while 
endeavourinn to clarify the students expectation. It is clear 
that the Student was here invoking a heuristic "Parallel" — 
the idea that the "effect" of a "force" is a displacement 
in the "direction 11 of that "force". 


(The direction in this 






specific case M a screw sense). The student had selected 
an algorithm which could be formally stated as 
Twisting Force X Time - Amount of ovist 

This particular algorithra is appropriate to a high friction 
environment such as the domestic arena of a young child. 

It is essentially an Ariatotlean algorithm - part of a physic 
where forces "cause" displacements in velocity. In Drder to 
help this student dehug I constructed an argument involving 
the same heuristic (Parallel) and patently presenting a 

choice between Newtonian and Aristotlean algorithms for 
forces: 

Consider a cannon firing at a target (drawn a 
schematically from shove in Fig.fii) 
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AristotjLean Algorithm Newtonian Algor* thm 

Fig fir) Cashed line la the unperturbed trajectory of a canrun 
ball. Dotted line denotes new trajectory after application oi 
an impulsive force according to (A) Arietotlean Algorithm, 

(ft) Newtonian Algorithm. 

Suppose just as the cannon ball emerges from the barrel 
it is given a short sharp knock, Then, in accordance with the 
expectation portrayed in fig* of generalized impulsive 

forces causing a spatial displacement in the direction of 
application the ball should be deviated as shown in fig. fii)A. 
Now of course what actually would take place is properly demon¬ 
strated in fig. (ii)B - - the effect of the impulsive force ie 
to give the ball a transverse component of momentum to determine 
the subsequent trajectory of the bail. Returning to the flywheel 
problem, it likewise follows in formal terms that the effect of 
an impulsive torque about the vertical is to produce angular 
momentum about the vertical, which has to be compounded with 
that pre-existing. 












This point ia well made by a drawing such as 


Fitf. till)* 




•mputei^Tbftqug 

J> 

Angular \felDCrty 


3H this figure the original and the additional (angu¬ 
lar) momenta are shown as screw senses on the sides of a box 
containing the flywheel. But these two screw senses - - com- 
pounded in a Newtonian way {algorithm) - - must be just the 
projection of the resultant motion of the flywheel. So - - 
imagining arrows drawn on the flywheel showing rotation sense - - 
one deduces that the flywheel - - having suffered the impulsive 
torque (double arrows in the figure} - - changes its plane of 

motion; the new projection of the flywheel is shown in fig ( lii> 
as the straight line CD. 


in summary, my first concern as a tutor was to aid this student 
in debugging the heuristic {Parallel) he had sought to invoke for 
the processional problem- (Compare computer programing: one has 


to debug the programs one actually writes; on the other hand it 
pays to learn of other programs). Confronted with this student 
a tutor espousing a different strategy might have replied: "Don't 
look at a wheel like that. Look at a wheel as composed of little 


parts,^And consider 

little part , . „■ 


the effect of the applied forces on each 
This particular approach invokes the heuristic 






"Divide and Conquer" {discussed later in this paoer) and it 
is well for a student to see e lf Divide and Conquer" approach io 
a tantelitinp problem; however, to repeat, in line with the 
above described model for problem sotvino attent ten to the 
debuogino of a heuristic is paramount, and would be a tutor's 
first concern.. 

Physics problems depend on g small nutter of heuristics 
specific to physics,. Tn this paper we ere to discuss just 
seven of these heurigticR i 

Formula Crank 
To Paradiom 
In Toto 

Fibre/Capiliarv 

Add n fleets (and Subtract Effects) 

Divide and Conquer 
Process 

tn this list "Formula Crank '* is none other than to apply 
the Formula Cranker 'e Model of problem solvinc, the other 
heuristics are described in Section 2, For the moment it is 
important to note just how few there are, and that in my teachinq 
stratagem, explicit names are civen to each heuristic. Now in 
the Polya strateqem students cain. ,r familiaritv" with n particular 
heuristic by applying that heuristic to a ranee of different 
problems, Tn my stratagem this is also done, hut much stress is 
laid on applying different heuristics to the same problem — 
to stimulate the debugging of these heuristics, *nd also to 
Overcome what 1 call Magic Key 'i'h ink inq — the idea that there 
is just one way of looking at a given problem {a unique heuristic) 







what are these heuristics , and how good are they in 
practice? flection 3 is devoted to delineatincr these six 
heuristics, and showinc their application to the snaring of the, 
hraqon Fiiko of Fig, iiv), section 3 shows how four of these 
heuristics motivate algorithms that successfully snare the 
hraoon "Juggle" of pin, (xvi), This discussion of Section 2 and 
3 Will nrove of value to any teacher who wishes to discuss the 
two nracrgiJis, Filko and Junr^lp with Students -- using the 
tutorials as heurlsti c? debugging seeneg where the tutor is 
equipped to guide an iJI formed hut not heurlstically misguided 
Student foray at these Orations, In Section e the teaching 
stratagem presented here is reviewed* The Appendix shows 
the application of the theoretical framework of this paper 
to aspects of the intellectual development of children* 

.he debugging of a hEuriStic " ig thereby demonstrated in a 
simple setting, various heuristic morals are drawn*, 

2 , MILKO 

Preliminary Rftsarkg 

The problematical Dragon "Wilfco" of Fig.(iv) is reproduced 
from my compilation "A Draoon Hunter's Box", Please read the first 
paragraph of this Dragon, I have posed this problem to many 
undergraduates, graduates, engineers and professional 
Physicists, invariably they jumped to the conclusion p - p'. 

Fhen informed that this was the canonical wrong answer, a line 
of argument often developed which made plain the heuristics 
invoked, and the debug routines, caveats, and warnings that 


were associated with particular heuristics . The later paragraphs 










if thls Dragon contain a measure of suggestion and counter- 
suggestion designed to provoke such an analysis by the reader. 

30 * ‘ ■ what Eristics are there for snaring *Milko, and 

jnst how j s it done? 



★ A milk toitit IS dll a*i*A ta ftavti jo 

har *t tftann ri*t£ to te fcp: Jto& occufl 
wfcwl #ny ctogt w feta/ i«4m)S. Di*$ 
flie fwSswr* vftnr ihe twse of k fcctJe 

lU'Uricje? 

sine* fet total Wrf 
itqwic^ j«Hvzii«s o&tstanf, ^6«vjpfe. 

w he iww,(rf d«d A, bto*j W/A rt ~ 

wwiria CoKfeMf. ' 


Aftw the Ipn&HJfc wtitredf- 

dWy hetarf Hv. cr^rti 4 tow Itan wkrf 
if wins etf Wif lewsi bfcfofie, «kaFfc*fiori 
to «3ybe-. 

itThs mattieiiwritiaK dtefate* fat 
tf.b.f?. fake* his hii(k ]'n 


Mdlb£mat\otift Uses 0 wstuLarHfUfc 
wfvrtie \f f tofftaitiiHd \ianid dt 
doftifyR AfPtr' seffiiMo hine. / tfe liduM**. 
(atitoc irtfe iwo awbo*ieM.ts # ^a^ify 
/J and whick ocaii jy ietjn^. \f f a¥ ^ ^ 

as ntdiMr^, yrtient n T 

il M V .1“^ CUT 

kt caloj(a*iR d tkdHgtiH 
pWS^Vfc a fier sc^tlraT to»i. 


dfaP- 


★ ^ («M!d-bc ^jHiowr ehaleM 

’’The** are no dffimr 
bulk fctoi ncriiigaffer selwrartfcw- fo 
is Httchancfed* 


Mg Uv) Reproduced with permission from H+A. Cohen lf A Dragon 
hunter's Box”,. Banging Lake Books, tflarrandyte, Victoria, 
Australia ( 1 S 74 K 








In Toto 


The heuristic "In Toto" embodies treating the diverse 
parts of a physical system 35 a single system, m the text 
of “Milko ' 1 the statement of the "would-be physicist" suggests 
that the w.b.p. - - like may first exposed to this Dragon - - 
has adopted an "In Toto" viewpoint and applied an elementary 
statics algorithm to equate the total gravitational force w 
to the product of base area A base pressure. 

On being informed that they have given the canonical 
wrong answer for "Milko,- "in Toto" champions - - who have 
treated the milk as a whole — — tend to 

a) Check whether they have included to much in the whole 
b> chock whether they have included too little in the whole 
o) Switch to "Divide and Conquer” viewpoint. 

The routines (a) and (b) are debug routines (or part of debug 
routines) associated with the "in Toto" heuristic. (c) is what 
I'd simply call a flag, or pointer to an alternative heuristic. 
Of course the more skillful problem solvers are more effective 
in invoking the above {and other) debug routines* 

Debug routine {a) suggests to check what was included in 
the quantity W: and clearly it was the weight of the bottle, 

SO that w/A is the pressure at the base of the bottle at the 
glass/table boundary. At this stage there's a strong induce¬ 
ment to switch to "Divide i.nd Conquer" and check whether the 
pressures above and below the glass base of the bottle are 

equal or not* (see the discussion under the heading "Divide 
and Conquer",) 





[jL-bug routine (b) leads tD the 


question "la the tniik 


,^ALly just Sitting there with just the force o£ gravity and 
laiat l^sauro {times base area) holding it in place?" Th U 
3eada to the more particular question as to whether the side¬ 
wall pressure forces can have a net vertical sum. now *ide- 

Wal1 P reBsm for ^ s do “'t =*ntel - - at least they do where 
if.o walls are vertical - - but not where the bottle walls ar c 
anting, as indicated in fig £v] the Enaction forces have a 


net downward sum y When the contents are homogeneous, x< aftc 


Reparation of cream. 



FL9(vJ sketch of wall reaction (pressure] forces acting 
on the contents of a milk bottle. 
l<1 the usual statics algorithm,. 

pAoW+Jt , p'A = W t X’ 

"hen the milk separates, the density of liquid in the neck i 
so that measures in this region arc less, so that the 
Am of all the sidewall reaction force is less after 

X 1 < X 

ind hence the conclusion p'i^ P, 


s-epara M ' .■, 




Divide and Conquer 

The Heuristic that I've tailed "Divide and Conquer" exhorts 
one to divide a physical system into a number of parts, and to 
solve the various sub-prab]ecus before assembling the component 
parts and the corresponding sub-problems.. The example of this 
heuristic applied to snare JUGGLQ is rather more cogent than 
wh a t we do he r e. 

we take aa starting point the calculation of pressure below 
the base of the bottle presented ahove (See In Toto). Break 
the bottle into the parts shown in fig (vi) , 



The vertical tension in the sidewalls o£ the bottle is easily 

overlooked. B y considering the equilibrium of the base one 
deduces 


V? e pA - T , W^p'A-T* 

Where T, t- are the (corresponding) vertical sums of the side- 
wan forces at the base, ay considering the equilibria of the 
Sides Of the bottle, one deduces that 1 ( T 'J are eaactly can- 

celled by the vertical sum of the forces due to liquid pressure 
acting on the sides, i.e. 


'f = X „ T 1 = X .' 

Where x<x-) ls the same quantity as determined in the "Tn Toto” dis 
f usstona Thence, on comparing K and X\ one deduces that base 


pressure is less after separation! p 








Formula 


^ heuristic "Formula Crn^'- involves the aoolicaticr of 
whnt in th * in t roquet ion was called the F 0rn , vla rranke r's Model 
of roKlpjn -oiling* To illustrate the potency of "Formula Crank" 

T w111 repeat en apocryptal xtorv about p evnmfm and his 
1 *! 

early wort* " T t appears that in a discussion Jnuch informed 
Feynman of the 1^21 paper of Dirac which showed that there 
was an analogy between unitary traps formations in quantum 
mechanics and the exponential of p where R raq a classiea? 
Quantity, "Thereupon there and then Fevnman Proceeded 
to maninulate the ir analogous'' elassican expressions as though 
they were the quantum mechanical unitary transformations, 
vleld a first crude version of what was to become his important 
"Space Time Formulation of Quantum Mechanics". Clearly th■s 
>>as Formula Crank'' motivated work “ hut p eynman had 

to call upon all his intellectual resources — his elaborated 
(debugged) heuristics; — to make a mass, of mean!nqless formulae 
into an important clement of modern, physics* To illustrate 
the imootency of "Formula Crank" by itself -- here is how it 
might h e applied to «tw. First to recapitulate the 
discussion of the Introduction* A Formula Cracker will take 
recourse to ot^r calculation of base pressure, as of the 
pressure at base of one's shoes, to calculate a constant base 

DTPS?! U TfS 

B - T.T/f 

in terms of the weight of contents of milk bottle and base ar, 

T f t! " fl validity of this result were queried r what could a Formula 
Franker do? v«rv little, observation fmegests, The- weakness in 


Formula 




t? rank 11 is that there Ik no means to debug a. solution other 
than, relatively capriciously sclectinq a new algorithm* So 
as e next step, consider the application of what might be 
billed as the most comprehensive algorithm for calculating 
pressures, the formula 


o - l (p g h) j 


where the summation is other layers of length h^ of material 
of density p^. »Je apply this formula to the simplified 
shape "mathematical mi IF' bottle 1 ". For homogenous milt base 
pressure is 

p" - + h^P^g 

This algorithm isn't enough. Conservation algorithm yields 
p l^l + 0 2 V< ? E pt v i + V 2 ) 


where by geometry these volumce are qiven in terms of areas 
and Heights by 


V, 


- 


V_ 


Arjjhj 


Whence such formulae as 

lv 1 + v 2 ) { f^hj + p 3 h 2 l 

p fh 1 + h 7 ) + p a v a J 

From this formula it is Clear that p’ is / o, hut it takes a 
measure of careful alqehraie manipulation before the barest 
qualitative features emenoe + in contrast, consider au N Tn 
Toto * 1 motivated attack. See Fiq. (vii) , in Which the arrows 
indicate the vertical forces acting on the contents of the 
"rocular" milk bottle of the mathematician. 




p"ify {vi. i} 


r 



For hoirooenous milk 


^ + [*, - A l)hl 


nq 


PA-* - t 1Jr j 

±z T-i 4 {A ? - R ] )h 1 per 

For stratified milk., cream in volume V | H "water in volume 

" W + ^ ' V Vi* 


In this cane, as cream is lighter than milk, i* e . p 1 * p t it 
follows that p 1 < p„ The point being made is that- in an 
arcrument motivated by the heuristJ r p Tn T<>to", the Algorithm 
gsts marshalled - - is intern ratable and therefore under control 
A Formula franker needs mathematical sVills of hi ah order to 
oraani-ze an elementary physical calculation. 


Columns {deduction device A) 

T he heuristic "Fibre" is a valuable nrohlem solving idea 
utilised by Galileo in his "nialoaues r&ncernina 7 Vd New 
Sciences", Galileo imaojned a solid beam to he composed of 
parallel fibres, or filaments, effectively independent., the 
total tensile load carried by the beam beina the sum of the 
tensions in each filament, what must be stressed, is that 
although Galileo talked in terms of beams, which often are made 
of fibrous material fwo-od) f his discussion was intended to 
ripnlv to beams of anv solid material, so that the fibres 
arc truly fictions. In fact Galileo mentioned stone beams 
in his discuss ion. Galileo used "Fibre" skillfully and was 


probably aware of such caveats to he attached tothis 











heuristic as thflt one much chec* that it's a reasonable first 
npproxiination to consider the fihres independent* 

The heuriat Lc “'Column' 1 is vcrv closely related to "Fibre*'* 
fne mioht say it is merely "Fibre* 1 applied to fluids , so that 
it is the very same heuristic* "Column 11 suggests that one 
analyses pressure differences in fluids by considering the body 
of the ^luid to be made up of cylindrical columns. The caveat 
of non-interference between adjacent fibres/columns is still 
relevant here, In the neat sub-section we -will discuss further 
the issue as to whether Fibre/Holurm are two heuristics or one. 
For the moment, lets consider a particular coIum approach to 
MiIko* t'*e"li present not only a successful solution route along 
which "Columns" will pull a Statics algorithm — but we''11 
also note one of the cul de sacs. 

Consider the two fluid columns shown in Fiq*(vii), one near 
the axis and the other well off the axis. This suqqests a bug— 
it appears at first that the pressure must differ alone the base 
of the mill? bottle -- as the two columns are of different height, 
However this bun arose by iqnoxinn wall pressure* &y considerinr 
the static eouilibrium of a horizontal fibr^ (column) of fluid 



Ft <3 fviid J 














it is 
base 
about 
there 


possible to convince oneself that in f act thQra ls a UBioue 
P re S , ure . rt r ™ai„ s „«* easier then to c m9 iter a colw 

th ® SItis nf th * calculate the base pres^re, 

*” casee! a > Patents howoonou, milk. Proa .,„ re D 
b) Contents stratified! pressure p' 


Consider central columns, on base area ip, 


in the two cases, The 


flobsitv of contents of column (b) i. l.„\ hBn that of <. nllOTltl 

ta) -- as basically (h) has an excess of cream, Rxpressino 
this evaluation in terns of weight. 


pfiA * p'flA 
or p^p 1 

That is, the base pressure decreases after separation* At this 

staqe of the calculation, one might return to examine the fine 

detail re the two columns a and h to realise that we have 

ignored side forces: no matter if sides are vertical as thesa 

forces didn't contribute to the sums considered* rn fact the 

prime heuristic message to be learned from this calculation 

could be summed uo in the following heuristic* 

A: * Select a thin vertical column that not intersect any 

sidewalls 1 ' 

A is one of the T* ro hiem deduct ion/Al go rit hm Re lection devices 
associated with the "Column*' heiirirttc* 



Cnln.unns deduction ce B) 


«e'v already suggested that the preceding application of 
r ° lu ™ s amounted to a„ application to a hydrostatic context of 
the "Fiber" heuristic. However, the special convenience of the 
central column of F ig . fv jil) is not ita thlnne5Sj hut that 

haviro vertical sides, the thrusts on the walls of the column 
had no vertical components. So that it's natural to consider 
oolumns of verv larce cross-sectional area in hydrostatics. 

Ml will CO well, unless the column hits a rlantine well. 

-his is a hit of a nuisance (hue), hut there i, a way out as 
detailed below, hut in debugging "columns” to motivate a 
solution like that presented holnu — the connection with 
"Fiber” is getting a little remote. Thus one should say 
that oriciinally "Column" was lust a portion of the heuristic 
"Fiber" hut ultimately, with elaboration (debugging) it assumes 
autonomy as an independent heuristic - oossessing a core common 
with Fiber. This is a very important nrocosa in intellectual 
dcvelonment that T tern replication of heuristics , the mother 
heuristic spawns a dauchter with many common elements. However, 
the id,, of replication is part of mv more elaborate 
psychological model of problem solving — and its presentation 
T do not see as part of the teaching stragem. I espouse. 

Certainly if the sort of application of Columns presented helow 
is as far as this heuristic is elaborated, the solution 
given is still reasonably conceived as mntivatert by "Fiber" 
^phnqaed F or hydrostatics. 
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us iRiike the tbpuqht tiMrimst OF enclosinn the mi]fc 
bottle in. a cvilpder, sharing the same haue, ajj in Fiq.iijl, 
f'Ur aim ia t a rs^uc* the Klf.TO ettthlcpi tp a discussion <5E the 
preonure at the b»*e Of ooIijttjis itandinq on the ban** of th ■ 
mtlV bnttlt. Supooee that in the ease when the mill hott’j 
contains hOftooenoufl the spiec outside the bottle, hut ins 
the cylinder in filled with min to the sane level a a within 
the bottle : the volume of JfilV exterior to the I'ottle we call 
V e*t r Liknwiee r in the case when the- nllh has jseeietated r.to 
exponenta of dteneity therein}, and n 2 -CcrtennlB** milXh, support 
the anterior volume V txt within the cylinder ijj rilled to 
corresponding level* with cteasi end nreifileas rd)k Fin_ Mull L 

L+hr presence of the bottls stflhdn In the way of pi "Columns" 
H»tlvat«d algorithm, but we CAP luatify latrine Its pMpocr.ce. 
Sinofl presaura dapende on depth alone, the 6 tec sure on each si Up 
O f the bottle la thn S-ic'ie., so that the pressure ftt the bage Of the 

bottle, p [fblr horoqsne-ue rtillil p 1 ff-or stratified faennratodl 
PfiilX)] in 'Ah effected if one rroov#* thu hottle walls, but Jrayee 
the fluid coeiterttn Just *e they wgrq, Thr. cnnnidatlhfr the 
*tstid equilibrium of thfl c&Lumnn stending Cm thci hseii arc.i f 
of the bottle noc has 
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*** - * * 

Tn thflso cicrgntionjj V if the weight Of the contents of the bottle,. 
(< i 1J plct 9 19 the weight Of the f luid In the .festericr voluno t this 
fluid being oredominant1v cream* Jfence y e see at once that 

P > fl‘ 


J 


Tn tUMUy, the Significant driving motivo in producing the 
ah eve derivation in the "■dPltonn'' heurl able -- relettlesaly 
ripol led to enable conai delation of a vertical column Of fluid 
standing nr the bottle base area. This in a HtrijHnq ejiaff.pl* of 

more sophisticated ptohiwi reduction; bringing to light a 
Problem Red net ion /Maori th Selection Bevlcn which wo denote by s, 
which is roughly as follows t 


n,i 


"^hooaa a vertical column, with an “intsrentiog" bane, 
ftemnue in ta meet inc walls vhilat retaining fluid equilibrium" 









IMd Effects" 


The heuristic -Add Effect-- encapsulates the idea Q£ 
(independent) cmki having an additive cumulative efrect. a 
verbal formulation of thin problem solving schemata would be, 
"3f X ratifies effect E, 
and V causes effect E, 


then x + V causes effect E + f." 1 
to implement "Add Effects” in a given problematical situation 
must devise^or select quantities that can meaningfully be 
added together . fact one aspect of the evolution of the 

field concept, and vector and tenner notation, of claseical 
electromagnetic theory was the devising of a formalism in which 
"Add Effects" was more or lass "built-in,- as i» especially 
exemplified by the -principle of superimposi ti™» f or fields. 
Likewise -Add Effects" is explicit in various additivity rules 
and implicit in the formalism of all those theories of physics 
characterised as linear. It is an enlightening struggle to 
make an "Add Effects- foray at the Oregon MILKO. 

in -Layman's Physics- it's the cream and milk minus cream 
(which we glibly term water! which -cause* the pressure at the 

base Of a miik bottle. A little more formally, if the effect is 
add i, tive t ones would write 


D E Pcream + D water 

and a like expression for the base pressure after separation, p 
Wow the total amount of cream is unchanged after separation so 
that if quantity alone determines pressure, then 

P 1 = P 

^ Creaiq {false]j 





and likewise 


P" water " Pvater (fftlsel) 

leading to the canonical wrong answer , p' * p. a more recondite, 
and equally false, version of this argument recalls that the 
total pressure o£ a gas mixture is the sum of the partial pres¬ 
sures of the components f so that on (mis)treating the components 
of milk as gases, one deduces a strict additivity of effect as 
above, 

The obvious bug in the above discussion is that distribution 
must bo taken into account. For the moment, we simplify the dis¬ 
cussion by only dealing with the regular shaped "mathematicians" 
milk bottle. N Then in accord with '"Add Effects'" one envisages 
milk as the superposition of cream of density +V 

and of milk minus cream = water, of density jj o 2 V 2 (V 1 + v ; )’l r 
both cream and Water being dispersed throughout the total volume 
Vi + V 2 . Then 


0 

cracm 


+ v" l < h I 

+ -fl 

P * 

■m v> 4 n r 

p 2 V 2 (V| 

+ v ? r 1 (h t 

h hj,Kg 


£0 that by "'Add effects" 1 

P f0! V ! + J> ? VIV, * 1 h z ) q 

■ rfhj + h s i J . 

The heuristic has worked beautifully for milk. However, when we 
turn to calculate via "'Add Effects"' the base pressure after sepa¬ 
ration, we run into that super bug mention in Section 1. to imple¬ 
ment -Add Effects'" one needs to imagine that (as is shown in fig ( x ), 



a pressure ether" of zero rfensitv fills up emotv spaces, an* 

transmits pressures sn that one can calculate the new component 

pressures as: 

P' 


CT-eAm 
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o' 


water 


e 2V" 


'T'bUfi 



P «eam “ D cream " ~°l* y i * V 2 3 

<v 


p milk " 15 milk 

= » 2 l v l * V * ( 

Vl 

If 

w ! w h L A lf V ? 

“ ^5^7 where A^^ 

* A, 

then 

Vi - Vl h 2 

“ W * *]> * 

ft. 

^hus 
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as water is rfenser than 

cream, we have 



P ' P ' * ' D ’c« a J + <"W r - P ™ teT ) 
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Thus, for a 1f mathematica 1 milk bottle" wo have established that 
the base pressure (p) drops to the value p * after separation Df 
cream. Presentation of this more sophisticated derivation to 
students loaves for them the mere purzle of extending the deri¬ 
vation tq milk bottles of conventional shape,. In fact the argu¬ 
ment given above applies at once to a conventional bottle provided 
crcatn/milk volumes and vertical heights satisfy the inequality 


Vl ' V l h 2 ’ 0 


i . O . , 




2 




which is a requirement on the average crosn-s-ectional areag t 


"Subtrac t-E ffoots * 

This heuristic is conceived by the writer as a variant of 
"Add Effects"' discussed above, A "Subtracfc-Ef foots * motivated 
calculation of the differences in base pressures, p - p p r is 
outlined in visual terms by Fig,fxil . Now in this figure we 

have not introduced a 11 pres sure-ether'' - - but the lower volume 
V-j of the mathematical milk bottle now contains a liquid of 
negative density E 



P P f p “ p 1 


Fig Cxi) Schematic outline of "Subtract Effects'* 


motivated attack on vilkh. 
























Process 


"Process" Is a_heuristic_ of great power which involves the 
notion of a 3t *te. From the "Process" viewpoint, * problem is 
conceived as devolving on a transformation, like So 

[State A) —--> (State BJ 

or, in short hand, A B, In terms of the parametera that define 
a state, the transformation is 

* —* 3 ^ (a I f a 2 f a 3 f ' ' -) (b A , b 2 , b 3 , . , .) 

Ttie key P roble ni solving idea of "Process" is to devise some 
(possibly fictitious) state X, for which the transformation rules 

A " + X I X ^ B 

are well established, so that one can readily compute the transfor¬ 
mations of parameters, 



What has been presented above is a very sophisticated and formal 
description of "Process." in fact the present writer first iden¬ 
tified this heuristic as being potent in thermodynamics and spe~ 
cial relativity and conceived of this problem solving idea as 
being used and developed only by advanced students. However, in 
September 1974, I was flabbergasted to observe a five year old, Leo 
use this very same heuristic . At the 


conclusion of a classic 








Plagetian interview described, in the Appendix, IeO was askedi 
"How would you explain to another child why the Pepsi 
(poured from a squat beaker) rises so hiqh after 
pouring (into a narrow cylinder) ?" 

Leo thought intently for a few seconds * then answered r 
"The aides are pushing the Pepsi up", 

Leo placed bis hands apart and forward, then brought them 
together as he said this. It was clear in context that he had 
invented a fictitious, "state Xt in which the tell cylinder 
had the same diameter as the {squat 1 ) beaker, and therefore 
would, hold it? alicruot of Pepsi at the game level as that in 
the beaker. Leo'a explanation entailed the transformation from 
State At Pepsi in scuat beaker 
to the final state 

State B: Pepsi in tall narrow cylinder 
via the fictitious State X, 

Looking at the Draeon *!lLKO in "Process" terms, one 
perceives this hraeon as involving a transformation from 
State T 'i homogenous milk in. milk bottle 
to 

State P; Stratified milk in milk bottle 

One can't compute the alteration in base pressure “ i.e.* 

= p-p 1 directly — after all, this is the problem of 
this Pranon. Vet if the neck of the milk bottle were rubber, 
or wn^e hinged somehow, and the bottle transformed .inta a 
cy]ieder it would be easy, in fact trivial, to compute the 
base pressure change after Stratification by reference to the 


states : 


State Xt Homogenous milk in cylinder 
State ifi Stratified milk in cylinder 

In a cylinder the only vertical forces acting an the fluid 
contents {of weight W} are gravity and the base pressure .acting 
over the area ft, sc that 

P x - p y = W/A 

The additional base pressure in state a compared to state x i es 
due to an additional height D of milk so that under the 
transformation A + Y* - p = p - = p p€J 

Likewiset Y + Bf . hj/a » p' - - Tj &1 g 

Hence 

F “ P 1 = P A " P B “ nfp “ »±)q 

which is positive as cream density i& legs than the density 
a of milk. This "Process" argument is illustrated in Fig.(xii] 



Scats A Stata X State Y sta« B 

HHmgmow Humnptow Stratified Siratififtf 


Fig (xii) ’'Process'" applied to HILKO. The sides 

o f the milk hottie are drawn as hinged. 




















Jt'a worth noting ail unsuccess fill “Pwceas*' motivated attach 
on MILKO that a number of students initiate. Suppose the milk 
bottle is connect near its base with a vertical cylinder, as 
drawn m fviii) + xhe level of homogenous milk is equal in 

the two branches at the initial State. Subsequently the milk 
stratifies? however there are unequal lengths of strata in 

the two connected vessels, and there is no convenient interme¬ 
diate state. 



Fiq (xiii) 


Sketch for an unsuccessful 
"Process" foray at ViLKfl, 
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!' re I imi nary 

The dragon Jugqlo of ^ig fxiv). is a Superlative Fermi problem 
th.it appears to have been first posed sometime in the la at century. 
On being exposed to this Dragon a typical La Probe undergraduate 
will answer firmly ,r Koi" With some coaxing be will recount the 
thinking that lead to this conclusion. A typical response - - 
very much refined for these didactic purposes - - goes like so: 

"The bridge has a safe load of Mg + 2mg and presumably will 
collapse if this load is exceeded. It's supporting a Juggler 
and 1 balls of total weight Mg + :3mg + The balls are in the air 
sometime, and the juggling details are too horribly complicated 
even to envisage - - but the real point is that you’ve got a whole 
system (juggler plus balls) of a weight which exceeds the critical 
Load - - so that the bridge collapses.* 1 

The basis for the correct "physical intuition" - - the response 
’■Ho" as revealed by such verbalizing - - lies in the mechanical 
implications of the heuristic "in Toto. 1 ' 

lEowever, if the tutor reformulates Jugglo, supposing that there 
ire only two balls in ell which the juggler is tossing on the very 
same bridge, incorrect solutions are nommnn, if not so invariable 
US in the case of MJLKD, 

NOW to get down to the slaughter of jugglg. Kero are four 
different attacks - - named in accord with their dominant heuristic. 






in Toto 


We previously disced the heuristic "In Toto" as applied 
to the D^on HILKO. A familiar application of this problem 
solving schema is to the description of rigid bodies where the 
concept of the center Of mass is introduced. To apply this idea 
to Jugglo involves considering the system of Juggler (o£ mass M ) 
and N halls of mass m as a single object of mass n + 

Students often adopt an "in Toto" viewpoint to ermine 
JUGGLO - - a but in midstream seem to switch heuristic - - 
following the flag 

<c) Switch to Divide and Conquer Viewpoint. 

It seems that there is a particular debug routine attached to 
the "in Toto" frame 

{d) Check the relation of the parts to the whole 
that is easily confusable with having switched to "Divide and 
Conquer .* In fact we u&e such a debug routine (d) to extend 
the fairly crude "In Toto" argument given above to the following 
polished attack on JUGGLO. 

How dQ the component parts of the whole JUGGLO system inter¬ 
act? the answer is reassuring to the "in To to 11 champion: the 
internal forces between the components are equal and opposite, 
and therefore of no consequence in considering the motion of the 
system in terms of the behaviour of the centre of mass.. The 
various "external" forces, including the (upward) reaction of the 
bridge R, have a sum. of juagnitude. 

R “ (M + cun,) gk 

where k is a unit vertical (upwards pointing) vector. The center 





of masE of the system moves up and down a little, about some 
average position {or perhaps remains stationary). Consequently, 
if at any instant the center of mass is experiencing an upwards 
acceleration, then at that instant 

R J> (H f NtiOg, 

Thus even in the case of two balls {N =2), if the center of mass 
of the system comprising Juggler and balls is not stationary, then 
at some instant there will be a net upward acceleration and the 
bridge load limit will bo exceeded. 

bi v ide and Conquer 

A '"Divide and Conquer * approach to a problem is to break the 
problem into interfacing problems, each of which is solved in turn. 
Applied to JCGGbO this heuristic would naturally lead us to consider 
separately the dynamics of the bridge, the juggler, and each of the 
three balls. Now the bridge ie specified as capable of supporting 
a maximum load of (M + 2m)g - M being the mass of the juggler and 
m the mass of the ball. The first subproblem - - the juggler - - 
is easily analysed to deduce that the maxim force the juggler can 
exert on one {ox more) balls at any instant is 2mg upwards. The 
next subproblcm is the motion of one ball, ball I say. If at time 
t ■= 0 the hall is released with upward velocity v it will rise a 
distance (v/2g) in time v/g, and after a time lapse of 2v/g will 
return to the altitude of release, but now with downward velocity v, 
tf caught at the same height as when released, then (presuming the 
juggler has no other balls in his hands at the time* the juggler 
can apply (maximum) upward force 2cag on the ball, bo that the net 
force on the ball is mg upwards - - leading to a symmetric reversal 






m fig (XV) we've drawn not only the altitude of bell 1 „ sulBi „ q 

release end capture of this ball occur at a constant height, 

but also a permitted motion of ball 2. Clearly in accord with 

this analysis at all times the Juggler is applying the maximum 

allowed force so that there is no possibility of him catching a 

further ball, there can be no Ball 3 without exceeding the 
bridge load limit. 

The chief virtu, of this "Divide and Conquer" attack h Is 
the very detailed information derived as to an acceptable Juggling 
atyle for two balls, if the greatest height reached by a ball was 

h <- v ? /2„, above catching level (marked 0 ln Pig <xv)) , the ball will 
a further h encased in the Juggler's hand and then be brought up 
to be released at the catching level whilst simultaneously the 
second ball Is caught - - possibly with the other hand at a differ¬ 
ent altitude - - after the second ball has likewise fallen through 







Divide an d Conquer f 11 Time Ave rage" Algorithm]! 

This approach to JUGGLO is also motivated by “Divide and 
conquer*" However, the trick of taking a time average (such as 
is often done in statistical mechanics) is used to get rid of 
uninteresting dynamical detail* 

Consider the equation of motion for ball ai 


-mglt + F . {O 


Where as clswhere It is a unit vector in the vertical direction, 
and p aj <U is the force applied by the juggler to ball a at 
time t* Integrating between the limits t = Qto t «T r 



0 



mck + jnv (T) - it<j (0) 
— u -« 


T 


Provided this ball isn't dropped, the numerator of the second 
term on the left is bounded, so that over an extensive duration 
the time of is 

summing the forces on the juggler, and then considering the load 
on the bridge, gives for the time-averaged load on the bridge in 
the case of three balls, 

Mgk + .Imgk 

which exceeds the prescribed limit. 



For two balls 






Hence, if ft is constant, the bridge is just safely loaded, but 

it R, varies then at some instant it must ejfceed its average value. 
"Add Effects" 

in accord with the heuristic "Add Effects" wo conceive the 
load on the bridge as being the cumulative (additive) effect of 
each of Jugglo, and 5 balls, tea ted separately. Thus the bridge 
iB held responsible 1 ' for on the average keeping each of those 
four objects above the bridge. The Juggler needs Mg to stay 
more or less where he is, and likewise each hall requires an 
external force of average mg ta be on the whole uninfluenced by 
gravity. Hence the safe load is exceeded by a Juggler tossing 
three balls. 

This informal discussion under this heading differs in small 
but crucial emphases from that given under the heading cf "in 
Ta to t " "’he formal mathematical araiment motivated by "Add Effects" 
is likewise similar to that given above under the heading "in "’cto" t 








4- CONCLUSION 


We have shown bow a diversity of "solutions'* to the Dragons 
MILKO and JUGGLO depend on just a limited number of problem solving 
schemata called heuristics . The core idea of these heuristics is 
probably acquired in childhood, but during intellectual develop¬ 
ment a cotexie of debug routines, caveats, flags, problem trans¬ 
formation and reduction, ideas become attached to each heuristic. 

Knowledge of very specific skills termed algorithms is also linked 
with particular heuristics . 

in order to pronote student self-awareness, of the processes 
involved is their own intellectual development, and of the evolu¬ 
tionary character of the formulation of a solution to a formidable 
problem, a teaching stratagem ia proposed with the following facets: 
1) Specific discussion with students of the model for problem 
solving and for intellectual development presented here. 

3) The posing to students of really formidable challenging prob¬ 
lems, of which the two Dragons discussed herein are instances. 

3) The discussion of student forays at Dragons with students in 
order that their own attempts can be interpreted in terms of 

the theoretical framework provided by the concept of the elabo- 
ration of heuristics. 
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<rhl3 paper had its oricfns in the racer*™ of a lame number 
af interviews in which the interviewees tried to slay Prawns 

Respite my n^Btions »nrt counterfluqnestionai to these students 

And colleague? who participated t am indeed wrateful. 

Division for e tudy and Research in Education at JM,T. nrovided 

!l i r k 

to Clarify mv thoughts and write the 
first draft : T would thank Prof. Martin for the invitation 

and sianport of the Division,, T t irt a pleasure to recall the 
special stimulus of discussions iH th ^vrviur Papert and warvip 
v insky at Cartiiridne an d with f'errv Krlps at T^lelbourae, 


Appendix 


This paper as a whole has been concerned with the develop¬ 
ment of problem solving ability in physics. STowever the teaching 
stratagem r espouse is baaed on a theoretical model of intellec¬ 
tual development that has far wider gambit, in this Appendix the 
model is applied to give an explication of certain aspocte of the 
intellectual development of children, fay showing how it interprets 
some of the data attained in the "protocols” (transcripts) of three 
Piagetian experiments, 

'The Egg and Egg Cup Experim ent 

In order to answer questions aa ta whether some quantity is 
greater or less than another, the typical child uses such heuris¬ 
tics as 

HI* Greater extent means more. 

H2, Sparsencfls (greater gaps between elements) means less. 

H3. Counting you if more or lesa. 

The heuristic H3 ia only suitable for very small sets because 
of a child's limited skill at counting. The sorts of situations 
where a typical child of five years gives the correct answer to 
questions about quantity are shown in *ig (vvilf A being *,hat we 
term a paradigm for Hi, While B is a paradigm fot EJ2 . It is 
rateable re these two paradigms that only one heuristic is applic¬ 
able to each paradigmi but what happens if a situation is presented 
to which both heuristics are applicable, and give conflicting con¬ 
clusions? In one of the classic "conservation" experiments of 
12 

Jean Piaget , the egg-cup experiment, children in the 4-7 years 
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MORE LESS 

(A) A FARADIGM FOR HI 
'Greater extent means more* 


MORE LESS 

MORE. 

LESS. . . . 

(B) PARADIGMS FOR H2 
"Sparseness means less 


§§§§§§§§§§§§ 

OMMion: "Are there more egp or more app-cupe?" 

Typtcel Antvmr : "No, the now." 

oooooooooooo 

yyyyyyyyyyyy 

Quwtion: "Are there more eggi or more epp-cuprf" 

Typtoel Fhre Yeer OW'i Answer: "More ep».” 

Typicel Seven Yeer Old'i Aiuwer: "Of ooorea not I" 


(C)The egg cup experiment of Piaget 


Fig (XVI).; 






age group ire set such a pus ale involving a clash in their heuris- 
ties, As indicated in fig (xvi C ) if such children are shown a 
line d£ eggs in egg-cups, where the extent and sparsene93 of both 
the eggs and the eggroups are the Same# then in answer to the 
question 11 Are there hiote eggs or mere egg cups?" the typical 
child (4—7 years) answers "No the same-” However, if these eggs 
are in full view of the child removed from the cups - - and spread 
Out in a longer line than the line of the cups - - then the situa^- 
tion is one in which HI and H2 give conflicting assessments to the 
repeated question. However , for the young child, HI is in some 
way tagged as primary qr more important - - for# as indicated 
below, HI describes a great range of situations where such 
evaluations are sought. So the typical five year old will now 
reply *'Q£ course not.* 1 What distinguishes the seven year old 
from the typical five year aid? Possibly the seven year old has 
acquired a heuristic such as 

'H4. Kelationships more than or less constant in time, 
which certainly doesn't adequately describe the contents of a 
cookie jar but nevertheless is a valuable heuristic* However the 
mere addition of H4 to a child's reporfcoire won’t necessarily lead 
to the correct answer to the repeated question of the egg egg-cup 
experiment. What is needed is some caveat like 

H5. In case of conflict between Hi and H2, use an historical 
heuristic like H4. 

The addition of these - - or some such - - heuristics to the collac 


tion 


fix H2 etc. of the tvDjeal five year old child is an instant 
Of what 1 tern, the dehugoing of heurifltits. 


te|>thw Pi*n^tlan "Con 3novation' Bkgerimqnt 

Ho™ it th- protocol Of * dU.ilo Fiction " conservation " 
e*p«rlHAi f conductad by on. Of Pia^t and Tnhfilder 1 * 

nu^entnn, Olivier da ils Leyton, ^eeaehusctts 

Lrt Saptembor, 1 ? 74. 

A fiv* year Ola child Pob wad, flhbwn two vessels. ft™ p 4 
Wa= U rioq cylinder, «« tall and narrow in cross-eecticn, the 
other Mis fl squat beaker containing a dark liquid tented 
Pepsi", hot waa aakod to what height He anticipated the 
" r * p * t " ****** from the beaker would fill the narrow cylinder. 

Boh pointed to a levsl a* the cylinder at the Harm; 
height *m OB the top level of the "Pepat" in the Sgu*t 
vaaaaL. The "Pepai' vu poured. Th e Level lh the harrow 
cylinder Was about three times hiaher than that predicted hy 
Boft. neb registered much a^tonichnent r 'allowed by 
traditional facial flKpressiohh for qrasoing a tricky idea. 

Boh waft inkede ‘Ts there morn Pepsi now7 H 

Bob replied. "No: It'S Juat the same ... it only look* M „.’* 

C 2 ) 

ftob waa than aaied how he would explain tn soother child how It 
was that the -Paper was AO high in the Trarrowl cylinder. 

Bob pondared a "Kneat — then placed hie hand* about 2a 
□iBtiffetrc apart in r x<mt ut hi*, then steadily drew h|a hand, 
together while saying, "The aides arc pushing the Pepsi 
RD h' ft ^ponses, + llit -f 2)j and *(]J of the above protocol r 
irerlt these cOrueent-B , 
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*(1) Rob e expectation of the height of the new (narrow) 
liquid column conforms to the heuristic Hi of the preceding 
experiment — the anticipated "extent™ of the new "Pepsi" 
column — its height -- was anticipated to be unchanged h 

'{2) Rob ooined a caveat to be referred to as H6 which he 
Probably only recently learnt to associate with the heuristic 
HI* 

Hfi E 14 Sometime* it only looks more", 

fin the basis of this protocol one can't be certain as to which 
heuristiefs) led Rob to say "the same"' -- but it was 
probably the historical heuristic H4 delimited above< 

*£3) Rob had formulated an explanation in terms of the 
heuristic Process •— the same heuristic, which somewhat 
elaborated {■ debugged) was used to snare the Dragon Milko 
an Section 2 , r?oh was considering a fictitious state of the 
cylinder — presumably one in which cross-secti on was the 
same a3 in the souat beaker. In the fictitious state, the 
"Pepsi™ would be at the same level as in the scuat beaker. 

Put on bringing the sides together -- as indicated hy hand 
movement — the "Pepsi™ level would rise. 

Islands Experiment 

"'he following incident took place within the context 
Of a very extensive Piagetian experiment, "Islands" conducted by 




Seymour Papert. 


A five year old child was ashed to count the {2 cm. x 2 cm. 
x 2 cm.) cubes arranged as a rectangular prism which was 0 cm. if 
ti cm. x 6 cm.. Her algorithm was transparent, as she traced her 
finger row by row along the front face, and proceeded to likewise 
count blocks on other faces of the prism, she concluded there 
were 30 cubes in the prism. She was asked '"Hew did you do it? 

If another child wanted tD count the blocks, what would you tell 
her? 1 * The child replied, '"Don't count the side f = edge) one's 
twice. The child failed to say that her basic method was syste¬ 
matically tracing her finger along the faces* This method had 
the bug she discovered fas well as others she didn't discover - - 
the inner blocks weren't counted} but the counting procedure is 
not well characterised heuristically by that bug! 

In applying the heuristic "Add Effects" to Kilkc in Section 2 
a similar situation arises. An incredible artifact* a pressure 
carry ether* has to be introduced for this heuristic to succeed. 
Vet it would be patently mis:leading to houristically characterise 
this solution as "The Pressure-Ether Model" for the Hilko Dragon. 


Interpretation of in terms of Heuristic tiamnn 


Tn fl^fltribino Jftdw remo classic PtMetiam "resn serration" 

, Ifl 

we havn this heurlstlpn Tiaui fcs fc|y iLtilisftc 1 * - 

itirl in com Ih stance verbally eKpresaed fay children in the five 
tc imn v*atc age grc-up. Perhaps V 5 should. not* that it i» 
fairly novel tn attempt to use the protocols of such esepwinwnts 
to determine the fanurduties repertoire of t. Child; such a 
discussion was firal! given hy Seymour Papert. 17 The evidence 
Of these am Other protocols nudoe&t that a Child does not mature 
fay discard Jug the ’non-COnnervin<f H heuriflUce and learning 4 more 
l 'precis n" *nn Mr vinfl* heuristic, rathnr to the pr&totyp* 
hegnetie fell if more - 3oalt H are added further 

ctrustyral element* — other faourintipn. - the whole Collection 
OF heuristics be log Oleeely linked, and heuristic* j^latirur tfao 
various elements are nurt Of the whole, Tshle 111 , h()U!! Xqu 
some of the heuristic* discussed aftpve slot into the Heuristic 
Fratnd which jg called "look - Mcro - . 

"’AI-LP lit 

thf ?Mfimm Q7_ -t* H-TntisTUr patMF "LOcbc-hori; - 


CrSfPOHRUT 

CO-rt heuristic 

Problem Reduction 
devices and ftlcnrithp 
Selector 


FIPPCI t HCBTT CM 

h to tell if more - Jook" 

fflt *Greater extent ireane more' 
Ft ?5 "Sparsosiafla means less” 


nnbOd routine* -cheek Hi and P 2 for ennsietenoy" 

H5i n Tn case of conflict faetween Hi 
and HI, gee . ar . historical heuristic'' 

Hfi: "Ponetimes it only looks more 11 









'fhe Heuristic Frame detailed in T a t>ie rj i 5 similar to a 


schema proposed by Finsky and Papert. 1 The young child 
hag available the core heuristic of this frame - the idea that 
vdseal observation can be used to determine auantitv - plus Hi 
and possibly H?. Of course to a youno child Quantity means 
ceuacity to satisfy hunger or maybe bites- One of the most 
endearinn protocols I have collected was of a non-conserving 
six year old/ who was agked whether a flattened ball of douoh 
contained more than a spherical ball which had previously been 
adjudoed |U the name amount" * Tbe oirl guided hy Hi claimed that 
the flattened ball pf dough contained more, and justified 
this answer by pointing out that the round ball could be eaten 
in two bites t whereas the flattened ball would take five bites. 

The older .child - the Con server - hag added to these basic 
elements of a frame debug routines and demons akin to those in the 
Table* !t is just that process of ^i^enting and editing a 
frame/ such as "look - More"/ which ig called in this paper the 
debugging of that heuristic* 
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fl P The sort of solution that P^crtl ahticipntert fot this draqon 
would nenrthinq l.(Lice BOi There (lire A ml 111.0*1 p«nple in 
frav y orh. BOt MV of piihaa arc In family homes and 
■JpSTlIwnti, of which Otie oar. ontiruts r , , If thern la ont 
sitch unit per 5 penplu as 1.6 million. Suefc ar.d such a 
fraction of fiofrte poj*qss of piano. *. piano needs tuning 
4 fter such a juried ... 'Plano owners perceive a piann 
needs tun Inc after a further firw-lnpsc, 017 yhen certain 
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tahes AS estimated amnvnt Of tine, so that to tnr.m the 
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The study of human Problem solving £« the domain of cog¬ 
nitive psychology, Own work relates especially to the 

pi ensuring work of Piagnt fref 11] in being concerned with 
the: evolution of intellectual capacities {'genetic 


ObirttoTTioiraw H S r "“I.* frmn cnncopfc nr>! wntiif) here 1 b 
a way nP organising ^Bta etrueturns describing tropepipra] 
>pr'”3nrfge PDHMiDij by human* „ but would fcllc 
provide tho PLiJilithrive witl'lne of a NJlV amutahle 
no^Dl o' the problav. solvin'? process, T?e overall project 
is cshmi-a^p to +*« of'ort* of I, f imm and ™-w r, r **ra 

it r:arnE(rifl-wpI,]*n Ptp ivn r = i who- Tiavt collects r-snv 
prot^colfl end developed computer modal* of ,-uSuit o£ forts 
to *olw problems in cryptn-avit.hPWti£ , chn.is ■enH-ganxM; j 
logic’ purrlfifl Rn? the Tile, See ft.Sewall and n,*, 5lmon, 
"flUTiip Problem Solving' 1 treaties ™nl] r KpcrteuMd CliFf Bl 
fr.J, C13T31. 

TSle tcrn’Frema'’ hae been borrowed frofr. J'jrrin HinsKy 
■tfhcnnvwr one enoemntern. ji pm Situation (pr pokes a 
subntnntial Change lb nne’i viewpoint) Ae H-nJectB from 
memory a structure called n t rare t a cemcirbRrnd fra>rtwnrk 

tfi he adapted to fit reality hy changing detail* as 

it 

FLi^BEAry. 

K, Kineky-J "P Fr«wworH; for fieprcsnntin^ Knowledge” H.T.T. 
Artificial tntolligenM laboratory Kfcjio «o. 30( (1374) r 
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This PGiAt in diftCuBaed fren a philcaopM cal perspective 
Ln C^SOtrr ? entitled H Ejt*er-aivie KnanltudeH - ' in Rudolph 
<, a map, rt Phil ossph leal Fg-undist 1 on a of r^veics 1 ' (Edited by 
(£fcrdnnr} + Hftelt fenolca il?6E.]< 

fia r« JUE p *P*rt, 'The Language □ £ children and the language 
Of computers H T Fstratto c! a. Lingaaqeri nella rocieta 6 nella 
teen lea r p.qiT* 

Mervjji Minsky and F^vmout Papert r "PrDqrMii Report* 

Artificial Intelligence Hume tf*. 252 £H? 3 |i. section 1,1. 

rt is worth the npace Of a footndte to recount one effort by a 
peychdlooict fwho was * ecllaboeator of Riagetl- to "teach 
Children tha correct answer" to FLagetias, put tic R line the 
ebew. Tha teething CMisUtcii in Informing the child Of the 
"right' gnawer to the question askad in a certain puzjla, The 
effect found we, that * child at a Pertain level of development 
might fce mo taught to eay -morn" Or "Uea* correctly in certain 
nf what Pieqtt terms "conservation- eKperlnenta , rr but not 
over an ^tensive rar-g* of enpetlihents. Here ever, one, car. aejt 
Of a child Who has said of some trUar.titv that it is more then 
no™ Other quantity to inage the tbbitmee being considered 
was reallv 'yvpr < y ", and then to say Which lot he would prefer 
tc eati hi* heuristic ^judgement is thir, manifeof. deepite 
hie uac Of the appropriate verbal formula .. In fact the child 
Who hfid heen linguistically trained to give the right, a newer 
had merely been exercised Jh Formula cranking r and though he 
WLgh.t give the anprdpriate verbal ms pond*, hi:? preference 
far a particular quantity Of "yumrry* oubatanc* would establish 
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21. 


that his qualitative judgement had not been altered by 
his subjection to a "teaching'’ program that was not 
concerned with the debuggino of the child's heuristic 
frames* Now it is my assertion that drilling students only 
in standardised problems — which I r ve termed formula 
crankers — can* despite the heat of intentions, be a 
very similar teaching program: our students can then "do" 
correctly just a limited range of problems, but don't, 
possess property debugged heurj.sties capable of snaring a 
Dragon . 

Fee J. Piaget, "Genetic Epistemology", Norton, Mew 

Vork (19 701 * 


In his reoen^jr.ote, entitled "Painless precession" 1 , 
Eastman gave just such a "Divide and Tonguer" 
motivated aooroach to precessions! problems. This 
note also lists previous A.J.P. dingus signs of 
this 'mystifying 1, phenomena. See P.C* Eastman, 

Am. J. Phys, 43, lift [1975). 




